Linear relationships,  hyperbolas, parabolas and exponential graphs (part 2)





6J – Direct variation
6K – Inverse variation
6L – Exploring parabolas
6M – Exploring exponential graphs
6N – Exponential growth and decay
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Now you try

Daniel’s wages earned are in direct proportion to the hours he works at the local service station.

a
b

Find the constant of proportionality. k, given that Daniel earned $200 in 8 hours.

‘Write the direct proportion equation relating Daniel’s wages (W) in dollars and the number of
hours (n) worked.

Calculate the wage earned for 6 hours of work.

Calculate the number of hours Daniel must work to earn a wage of $237.50.




image7.png
Example 29

A length measured in centimetres is directly Length unit conversion graph
proportional to that length in inches. Use the graph
below to make the following unit conversions. A
a 15 inches to centimetres 100
b 68 cm to inches &
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6K Inverse variation
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KEY IDEAS

B For two variables with inverse variation:

‘When one variable is multiplied by a number, then the other Graph of indirect or
variable is divided by that same number. inverse variation
‘We say: ‘y is inversely proportional to x°, or ‘y varies inversely M

asx’

Wewn't.eyo(lm'y=l—c
X X
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e The graph is a curve showing that as x increases. then y decreases. For example, speed is
indirectly or inversely proportional to travelling time. As the speed decreases, the time taken
to travel a particular distance increases; as the speed increases, the time taken to travel a
particular distance decreases.

* The equation is usually written as y = E where k is the constant of proportionality.
X

e The graph is a hyperbola.

Key terminology: inverse variation, inversely proportional, constant of proportionality, variables
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Example 3

The length of a rectangle, / metres, with a fixed area of 2 m?2, varies inversely with the breadth,

b metres, such that [ = %

a Complete this table of values.

.1234

b Sketch a graph of / vs b using your table of values to help. Use b on the x-axis.
Find the length of the rectangle if the breadth is 5 m.
d Find the breadth of the rectangle if the length is 0.5 m.

o

Continued on next page
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Now you try

The length of a rectangle, [ metres, with a fixed area of 12 m2, varies inversely with the breadth,
12

b metres, such that [ = B

a Complete this table of values.

b 1 3 6 12
1

b Sketch a graph of / vs b using your table of values to help. Use b on the x-axis.
¢ Find the length of the rectangle if the breadth is 4 m.
d Find the breadth of the rectangle if the length is 2.5 m.
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y is inversely proportional to x; i.e.y = I;‘

a Find the constant of proportionality, k. if when x = 2.y = 3.
b Find the value of y if x = 6.
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Now you try

y is inversely proportional to x; i.e.y = ’)—i

a Find the constant of proportionality. k, if whenx =4, y = 2.
b Find the value of y if x = 1.
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6L Exploring parabolas
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KEY IDEAS

M A parabola is the graph of a non-linear relationship. The

Y
basic parabola has the equation y = x2. o A
Key points on y = x%: . y=x2
x| 3] 2] 1]0]1]2]3 \ 7 ! /
y | 9] 4] 1ot 4]0 \ | j=—Axiglof
fe
e The vertex (or turning point) is (0, 0). \ )l'm y
e Itis a minimum turning point. \ 4
® Axis of symmetry is x = O (the y-axis). 3
\GILS
- -
EEETEEREN

If y = x? is reflected across the x-axis, the equation becomes y = —x?.
y

A A 4
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The parabola y = x2 can be translated up
or down the Cartesian plane by adding * \ \
4

> =
~
~a

T

a positive or negative number to the /J(I y=x2+2
right-hand side. B < y=x2
e y=ux?+2 translates y = x? up by \ N N
2 units. \ \ i / /
e y—2x2— 3 translates y = x> down by - \ / .
3 units. | ; T \ l‘ 0 T ,‘) *
M Graphing software is a convenient tool \ / 5
for drawing graphs. p=x°-3
B Computer software, such as Desmos, can
be very useful for investigating parabolas Y

Key terminology: parabola, non-linear, plot, turning point, intercept, vertex, minimum, maximum,
transformations, dilation, reflection, translation, axis of symmetry
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Determine the following key features of each of the given graphs:
i turning point and whether it is a maximum or minimum

i axis of symmetry i x-intercepts

a y b

(1.4

iv y-intercept
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Now you try

Determine the following key features of each of the given graphs:
i turning point and whether it is a maximum or minimum
i axis of symmetry i x-intercepts iv y-intercept

b y
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Copy and complete the table for the following graphs.
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Now you try

Copy and complete the table for the following graphs.

a Y. _ o b y
NN A
J g yz%z
- \—"/ > X - S >
2 AN
A\
Y YY ¥ YN
y=-3x2





image23.png
Example 34

Copy and complete the table for the following graphs.
a b
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Now you try

Copy and complete the table for the following graphs.

a y=x22 y y=x2 b y=x2+ly
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\ " \
- \\6 £ / > X - “(*) ¢ e
Y Y
aly=x2-2
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6M Exploring exponential graphs




image26.png
KEY IDEAS

M The simplest exponential function is y = 2*.

To find a value for y, start with the number 2 and raise it to the power of x.
For example, if x = 3, y will be 2 to the power of 3, which is 8.

X -3 -2 -1 0 1 2 3

1 2 4 8

1 1
4 2

00—

y

The graph of y =2

i This end of the curve gets
8 [ steeper and steeper. This is often
7 a good model for population
" / increase.

n
~—

IS

___—The y-intercept is 1.

-~ > X

[
Y

This end of the curve continues on forever and gets closer and
closer to the x-axis but never makes contact with it.

Key terminology: exponential
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Consider the equation y = 2*.
a Complete this table.
b Plot points to form its graph.
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Now you try

Consider the equation y = 5*.

a Complete this table.
b Plot points to form its graph.

il
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6N Exponential growth and decay
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KEY IDEAS

B Exponential growth and decay can be modelled by the equation A = A, (1 + r)".
® Ais the amount.
® A, is the initial amount (the subscript zero represents time zero).
© ris the percentage rate of increase or decrease, expressed as a decimal.
® nis time: how many times the percentage increase/decrease is applied.
For example
For a population increasing at 2% per year, P = Py(1.02)".
For a population decreasing at 3% per year, P = Py(0.97)".

B For a growth rate of r p.a., use 1 +r.
M For a decay rate of r p.a.,use 1 —r.

M Compound interest involves adding any interest earned to the balance at the end of each year or
other period. The equation for the investment amount ($A) is given by: A = P(1 +r)".
® P is the initial amount or principal.
© ris the interest rate, expressed as a decimal.
® nis the time.

Key terminology: exponential growth, exponential decay, compound interest, principal
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Form exponential rules for the following situations.

a John invests his $100 000 in savin

at a rate of 14% per annum.

b A city’s initial population of 50 000 is decreasing by 12% per year.
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Now you try

Form exponential rules for the following situations.

a A town population of 3000 is increasing by 2% per year.
b A car purchased for $36 000 is losing value at 6% per year.
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House prices are rising at 9% per year and Zoe's flat is currently valued at $600 000.
a Determine a rule for the value of Zoe’s flat (§V) in n years’ time.

b What will be the value of her flat:
i nextyear?
i in3years’ time?

¢ Use trial and error to find when Zoe’s flat will be valued at $900 000, to one decimal place.
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Now you try

An investment is increasing at 4% per year and is currently valued at $20 000.
a Determine a rule for the value of the investment ($V) in n years’ time.

b What will be the value of the investment
i nextyear?
i in5years’ time? (Round to the nearest cent.)
¢ Use trial and error to find when the investment will be valued at $25 000, to one decimal place.
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6J Direct variation
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KEY IDEAS

B Direct variation is also known as direct proportion.

M In this table, the y-value is twice the x-value.

x | 0 1 2 3 4 5
y 0 2 4 6 8 10

‘We can say: x and y vary directly,
ory is directly proportional to x,
or y varies directly as x.

‘We can write y « x or y = kx.

where k is the constant of variation.

M For two variables that are directly proportional:
* Both variables will increase together or decrease Graph of direct variation
together at the same rate. For example, the cost y
of buying some sausages is directly proportional
to the weight of the sausages. If the weight
increases, then the cost increases; when the
weight decreases, the cost decreases.

Gradient = rate
= constant of
proportionality
origin *
e The rate of change of one variable with respect
to the other is constant.
© The graph is a straight line passing through the origin (0, 0); i.e. the equation is of the form
y=mx.
e The equation is usually written as y = kx, where k is the constant of proportionality.
® The constant of proportionality, k. is the gradient with units, it is the same as the rate.

M Everyday examples of direct variation include:
* Renting a house — | week for $400, 2 weeks for $800, etc.
¢ Buying tickets — 1 for $2, 2 for $4, etc.
* Driving at a constant speed — 1 hour, 60 km; 2 hours 120 km, etc.
e Converting money from Australian dollars to US dollars
* Converting inches to centimetres

Key terminology: direct variation, directly proportional, constant of proportionality
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For a fixed price per litre, the cost (C) in dollars of buying fuel is directly proportional to the
number (n) of litres.

a Write the direct proportion equation, given that k = $1.45/L.
b Use this equation to calculate the cost of 63 L.
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Now you try

For a fixed price per litre, the cost (C) in dollars of buying fuel is directly proportional to the
number () of litres of fuel pumped.

a Write the direct proportion equation, given that k = $1.38/L.
b Use this equation to calculate the cost of 48 L.
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Forming direct proportion equations from given information

The amount of wages Sonali earns is in direct proportion to the number of hours she works.

a
b

Find the constant of proportionality. k. given that Sonali earned $166.50 in 6 hours.

Write the direct proportion equation relating Sonali’s wages (W) in dollars and the number of
hours (n) that she worked.

Calculate the wages earned for 8 hours and 45 minutes of work.
Calculate the number of hours and minutes Sonali must work to earn $259.




